A Room r-cube of side n is a z-dimensional cube satisfying the property that each of its 2-dimensional projections is a Room square. More precisely, a Room t-cube of side n is a t-dimensional array of side n on a set S of n + 1 objects called symbols (usually { 0, 1, 2,..., n -1, co > ) which satisfy the following conditions:
INTR~DUC~~N
A Room r-cube of side n is a z-dimensional cube satisfying the property that each of its 2-dimensional projections is a Room square. More precisely, a Room t-cube of side n is a t-dimensional array of side n on a set S of n + 1 objects called symbols (usually { 0, 1, 2,..., n -1, co > ) which satisfy the following conditions:
(i) Each cell is either empty or contains an unordered pair of distinct symbols from S.
(ii) Each symb 1 o occurs in every (t -1 )-dimensional flat in the array exactly once.
(iii) Every unordered pair of symbols occurs precisely once in the array.
A Room t-cube is standardized if it also satisfies (iv) the ith diagonal cell contains the pair of symbols {co, i}. There are several other equivalent forms that are taken by Room t-cubes, one in terms of graphs and one in terms of Latin squares. The first of these forms is as a set of orthogonal one-factorizations of K,,. Let G be a graph with an even number of vertices. A one-factor in G is a set of (pairwise disjoint) edges which between them contain each vertex exactly once. A one-factorization is a partition of all the edges of G into pairwise disjoint one-factors. Two one-factorizations F, and F2 are orthogonal if any one-factor in F, and any one-factor in F2 have at most one edge in common. The following theorem from [12] shows the connection between orthogonal one-factorizations of K, and Room t-cubes.
symmetric Latin squares if they satisfy the following three properties: (i) R and C are both symmetric; (ii) R and C both have ith diagonal entry i; and (iii) if R and C have (i, j) entries u and B, respectively, where i < j, then there are not numbers k and I for which k < 1 and R and C have (k, I) entries c1 and /I respectively, unless k = i and I = j. We see that two symmetric Latin squares with property (iii) are as close to orthogonal as is possible without sacrificing symmetry, thus the term orthogonal symmetric Latin squares. The following theorem relating Room t-cubes and pairwise orthogonal symmetric Latin squares can be found in [lo] . THEOREM 1.2. The existence of t pairwise orthogonal symmetric Latin squares of side n is equivalent to the existence of a Room t-cube of side n.
In each of the above definitions it is easily seen that n is necessarily odd. Let v(n) denote the size of the largest possible set of pairwise orthogonal symmetric Latin squares of side n or equivalently the largest t such that there exists a Room t-cube of side n. Much work has been done on finding values for v(n). Some results on v(n) are given in the next theorem. Other results can be found in [2, 5, lo] . (b) v(9)=4 [9] .
(c) v(n) + 00 as n + co [lo] .
(d) Zfn = 2kt + 1 is a prime power with t odd, then v(n) 2 t [3] .
(e) For all oddn>7, v(n)>3 [S] .
In this paper we improve upon Theorem 1.3(e) above. We will prove THEOREM 1.4. Zf n is odd and n 2 11 (except possibly n = 15), then there is a Room 5-cube of side n (i.e., v(n) > 5).
In Section 2 we give the main constructions needed for the proof. In Section 3 we establish the theorem for "small" values of n, those ~4575, then in Section 4 we complete the proof.
MAIN CONTRUCTIONS
The main recursive construction for Room 5-cubes uses 5-dimensional frames. These were first defined by Dinitz and Stinson [7] . The definition isasfollows:LetTandUbesetswithITJ=tandIUI=u.Atxubytxu array S will be called a t-frame of order u if it satisfies the following properties:
(1) Each cell is either empty or contains an unordered pair of elements of Ux T.
(2) There exist u empty t by t subsquares of S, no two of them containing any cell in the same row or column. These subsquares will be denoted Su, and are called holes (it will usually be convenient to place these empty arrays on the diagonal of S).
(3) A row or column of S which meets Su, contains each element of (U\{ ui} ) x T exactly once, and contains no element of { ui} x T.
(4) Each unordered pair of elements {(u,, tl), (uz, t,)} with u1 # u2, occurs in a unique cell of S.
An n-dimensional t-frame of order u is an n-dimensional cube of side t x u, which satisfies property(l) and such that each two-dimensional projection is a t-frame of order u. Informally an n-dimensional t-frame of order u is a Room n-cube of side t x u "missing" a spanning set of u disjoint Room n-cubes of side r. It is convenient to index the cells of S by the elements of (Ux T)", so that the cells of the rows meeting any Su, are ({ ui} x T) x (UxT)x(UxT)x ... x (U x T). For brevity we may rever to an n-dimensional t-frame of order u as an (n, t, u)-frame. Obviously, we are interested in (5, t, u)-frames.
Let a Room n-cube be described with symbols U u {co } where 1 UI = u and co 4 U. If the contents of all cells containing co are removed, one obtains a l-frame, specifically an (n, 1, u)-frame. Given a l-frame, the holes can be filled in to obtain a Room n-cube. Thus we have that a (n, 1, u)-frame is equivalent to a Room n-cube of side u. We will make use of this fact in many of the constructions which follow.
We require several definitions concerning designs. A group-divisible design (GDD) is a triple (X, 6, d), where X is a finite set (of points), (5 is a partition of X into subsets called groups, and d is a set of subsets of X into subsets called (blocks), such that (1) every unordered pair of points {x1, x2} not contained in a group is contained in a unique block and (2) a group and a block contain at most one point in common.
A Latin square (of order s) based on a symbol set S, where ISI = s, is an s by s array L of the symbols of S, such that each symbol occurs precisely once in each row and each column. Two Latin squares, L and M of order s based on symbol sets S and T, respectively, are said to bc orthogonal provided their superimposition yields every ordered pair in S x T exactly once. Several Latin square are mutually orthogonal if each pair is orthogonal. We refer to a set of mutually orthogonal Latin squares as a set For notation we will say that n E R, if there is a Room t-cube of side n. We can now present the main recursive construction for Room ~-CL&S. THEOREM 2.3. Zf N(s) >, n -1 and there exist a (d, t, n)-frame and a (d, t, n + 1 )-frame, and if ts + 1 E R, and ta + 1 E R, with a < s, then tns + ta + 1 E Rd.
ProoJ: We will present the proof in the two-dimensional (d= 2) case for ease of readability. The higher dimensional cases (in particular d = 5) are proven similarly.
Since N(s) 2 n -1, there exists a TD(s, n + 1) which we will denote by (X, 6, ~4). For each XE X and y E X, let S, be a set of size t with SxnSy=@ ifx#y.
For GE@, let SG=UxccSx. Now from some group delete s-a elements and call this "short" group G,, so lGol = a. Let SC?, = UxsGo sr For every A E -(;9, there is a frame FA on the symbols S, = lJ,, A S, since either lAI=n+l, or lAl=nifAnG,=a. We first construct a t-frame whose rows and columns are indexed by s= uxex S,. We let A(x, y) denote the block in the TD containing {x, y}. Let F be defined by
otherwise, where s E S, and t E S,.
Note that F is tns + ta by tns + ta in size. We now construct a Room square from this frame F. We will basically just add a border and till in the "holes" with Room squares.
Let Sz, cc be such that (Q, co } n S = 0. Add a new row and column to F indexed by co. If GE 0, then let RG be a Room square of order ts + 1 indexed by Sb = S, u (cc } on the symbols S, u {co, a} with RG( co, cc ) = { co, Sz >. We define the Room square R of side tns + ta + 1 indexed by S u {cc } as R(s, t) = &As, t)
if {s, t> cSb for some G E 6, F(s, t) otherwise.
We first show that each pair of symbols occur in precisely one cell. Pick two symbols s E S, and t E S,,, if {x, v} c G for some group G, then {x, y } occurs in a unique cell of R,. If x and y are in different groups, then (x, y } occurs in a unique cell of FAcX,yj. Now if sES,, then (00,s) and {Q,s} occur in R, where x E G. Finally (co, 52) occur in cell R( cc, co). Thus each pair of elements occurs together exactly once. Now pick a row r E S, and a symbol s E S,, if (x, y } z G for some group G, then s occurs in a unique cell of row r in R,, and in no other cell in row r. If x and y are in different groups, then s occurs in a unique cell in row r in FAcx. y) and in no other cell in row r. If r E S, then cc and Q occur in unique cells in row r in R, where x E G. Finally if r = co, and if s E S,, then s occurs in row cc in RG where y E G. Also {Q, co } is in cell (co, co), completing the proof.
Again we note that the proof of Theorem 2.3 is easily extended from the 2-dimensional to the d-dimensional case. We of course are interested in the case where d= 5. We will state this case as COROLLARY 2.4 . Zf N(s) 3 n -1 and there exists a (5, t, n)-frame, a (5, t, n + 1 )-frame, and if ts + 1 E R, and ta + 1 E R, with a < s, then tns+ta+lER,.
In order to use Corollary 2.4 we need to be able to construct 5-frames and Room 5-cubes for small order s. To do so we will use what are termed frame starters. Frame starters were first defined in [7] and are just a generalization of the starters used to construct Room squares.
Let G be an additive abelian group, and H a subgroup. Denote 1 G( = g, JHJ = h, and suppose g -h is even. An (h, g/h)-frame starter in G\ H is a set of unordered pairs S= { {si, ti}, 1 < i < (g -h)/2} satisfying (1) {si}u {ti}=G\H, and
If H = (O}, then we get a (1, g)-frame starter. A (1, g)-frame starter is called a starter of order g (note g must be odd) and is equivalent to the well-known starters used to construct Room squares.
Let A = { (si, ti} } and B = ( {ui, ui}} be two frame starters. We may assume that ti -si = ui -ui, for 1 < i < (g -h)/2. A and B are orthogonal frame starters provided uj -sj = ui -si implies i = j and ui -si $ H for all i. Let A and B be orthogonal strong frame starters in G\H, then A, -A, B, -B are 4 pairwise orthogonal frame starters in G\ H. If IGI is odd, then A, -A, B, -B, and P are all pairwise orthogonal starters where P is the patterned frame starter.
The connection between orthogonal frame starters and frames is given by the following theorem (also proven in [7] ). We will wish to construct Room Scubes directly from strong starters. Remembering that a Room 5-cube of side u is equivalent (5, 1, U) frame with IGI = u being odd and using Lemma 2.7(b) and Theorem 2.8 we have We will also need to construct 2-frames (h = 2) directly from strong frame starters. Since this implies G is even, then by Theorem 2.7(a) we only get 4 orthogonal starters. Thus, in order to get 5 orthogonal starters we must add another starter orthogonal to the original 4. Analogous to the previous theorem, we have Some comments are in order concerning the sets of orthogonal frame starters given in the Appendix. The starters for ZJ = 12 were found by a purely backtracking program. For u = 13, the starters given in the Appendix are derived from the ones found by Dinitz and Stinson in [7] . In that paper, three orthogonal 2-frame starters of order 13 are found without the aid of computer by use of cyclotomic methods in Galois fields. It turns out that these three starters and their negative starters are all orthogonal and so in fact there are 6 pairwise orthogonal 2-frame starters of order 13. In the Appendix these are called A, -A, B, -B, C, and -C. The starters were originally found in Z,, x Z,, we have written them in Z,, in the Appendix.
The other starters given in the Appendix were all found by using a version of the hill climbing algorithm for strong starters originally described by Dinitz and Stinson in [6] . The original program only found one strong starter. Here we first found a strong frame starter A, then by hill climbing attempted to find a strong starter B such that A and B were orthogonal strong frame starters. On the average, using this method an orthogonal mate was found for about 6 out of every 100 frame starters. When an A and B were found we again used hill climbing, or in the case u = 16 used an exhaustive search, to find a frame starter C where C is orthogonal to A, -A, B, and -B. (Note that since in all these cases since lG1 is even we cannot use P, the patterned strter.) For u = 16, we found 15 sets of orthogonal strong frame starters which did not have a mate before finding the set given in the Appendix which did work. For u = 17, 20, and 21 we could not perform an exhaustive search so we found the orthogonal starter C by hill climbing. It took many attempts but eventually all were found. We are now ready to apply Corollary 2.4. In order to effectively use Theorem 2.12 we need to find a large set of consecutive "small" numbers all of which are in RS. In the next section we show that if 17 < n < 4575 and n is odd, then n E R,.
SMALL V~mzs
We begin this section with a useful and well-known construction. The proof can be found in [7] . The reader should be reminded that a (5, 1, u)-frame is equivalent to a Room 5-cube of side u. Also, note that every (5, 1, u)-frame has sub-frames of sides 0 and 1. . These sets of orthogonal strong starters were constructed by use of the hill-climbing algorithm for strong starters in the manner described in the comments following Theorem 2.11. The listing of these strong starters is also available from the author on an IBM compatable floppy disk.
Now that we have a large set of consecutive small orders for which Room 5-cubes exist we can use Theorem 2.12 and Theorem 3.2 to get the following theorem. We can now construct Room 5-cubes for many more small values. THEOREM 3.4. Zf 357 < n < 4575 and n is odd, then n E R,.
Proof
If 519, 549, 553, 603, 615, 655, 711, 873, 879, 1143} , then we have again used the computer to construct 2 orthogonal strong starters of order n. By use of Theorem 2.9 we have that n E R,. In order to save space, these starters are given in [4] . They are also available from the author on an IBM compatible floppy disk.
All of the remaining values of n are constructed in the following table, where we give the values for n and the authority used to imply the existence of a Room 5-cube side n. Again all necessary results concerning MOLS can be found in [ 11. In order to complete the spectrum we need only show that if n > 4577, then n E R,. We need a preliminary lemma and then we can proceed with the theorem. A comment is in order concerning the case n = 15. We have performed an exhaustive search and have found that there is no set of 5 pairwiseorthogonal starters of order 15. In [S] a set of 4 pairwise-orthogonal starters is given. We, however, do not hesitate to conjecture that 15 E R,.
Since there are Room 4-cubes of orders 9 [9] and 15, then the following theorem holds. 
